Density dependent potentials are an established ingredient in simulations of materials. Here, we discuss two variants for the local density definition in the context of many-body dissipative particle dynamics. We show that the partial, type-dependent local density variant yields unphysical behaviour in simulations of multicomponent systems. Only the total local density variant is viable. In light of the no-go theorem by Warren, only parameters that are constant across particle types are allowed to control the density dependent potential term, which severely limits the applicability of this class of potentials.
Density dependent potentials are an established ingredient in simulations of materials. Here, we discuss two variants for the local density definition in the context of many-body dissipative particle dynamics. We show that the partial, type-dependent local density variant yields unphysical behaviour in simulations of multicomponent systems. Only the total local density variant is viable. In light of the no-go theorem by Warren, only parameters that are constant across particle types are allowed to control the density dependent potential term, which severely limits the applicability of this class of potentials.
In soft matter simulations, coarse-graining is a widely used tool to eliminate fast degrees of freedom and speed up simulations. Such coarse-grained particles interact via effective pair potentials, which differ from classical, allatom pair potentials in that they are parametrised only for a specific thermodynamic state. These potentials do not necessarily reproduce materials properties at temperatures or pressures other than the one for which they were defined, which is commonly known as a problem with transferability. To increase accuracy, a dependence on density can be added, motivated by an observation that some material properties cannot be captured by purely pair potentials [1, 2] . Potentials with local density terms were exploited, for example, to create a transferable implicit solvent [3, 4] and accurately describe equilibria of water-benzene mixtures [5, 6] .
Here, we discuss many-body dissipative particle dynamics (MDPD), a coarse-grained method with a priori defined pair and local density potential terms. However, the presented reasoning is also relevant to other coarse-grained methods with potential terms containing local density. Building on popular standard dissipative particle dynamics (DPD) [7] , MDPD is suitable for describing complex mesoscale systems. Introduced by Pagonabarraga and Frenkel [8] on general terms as a densitydependent potential suitable for non-ideal fluids, and further specified by Trofimov et al. [9] and Warren [10] , MDPD was recently parametrised for real systems [11] .
In standard DPD, the force between the particles is given by [7] :
where A is an interaction parameter, w(r) a weight function, r i and r j positions of ith and jth particle, respectively, r ij = r i − r j the mutual distance, r = |r| a vector magnitude andr = r/r a unit vector. There is freedom in defining w(r), the only practical constraint being that it should become zero beyond some cutoff r c . For simplicity, a linear dependence is always chosen: w(r) = 1 − r for r < r c and 0 elsewhere. * peter.vanya@gmail.com † jae1001@cam.ac.uk MDPD starts from a different perspective, namely the definition of the potential energy as the sum of one-body terms depending on local densityρ:
Local densityρ i for ith particle is defined as
where w ρ (r) is another weight function which is, in contrast with w(r), normalised: 4πr 2 w ρ (r)dr = 1. It can be shown through some algebra that the force F ij between particles i and j is
The simplest non-trivial self-energy, or one-body potential, that yields a density-dependent force is u(r i ) = Bρ 2 i /2, in which case the force is
This form was introduced by Warren [10] . In general, any power of the local density can be considered and thus the equation of state can be influenced, as was demonstrated by Trofimov [9] . In order to simulate systems of practical interest, one cannot avoid considering mixtures. However, the generalisation of self-energy to multicomponent systems has so far been ambiguous; the exact form of the local density has been assumed in the literature only implicitly, without specific prescription and justification of the reasoning. This ambiguity can be appreciated as follows: taking a mixture with particle types denoted by α, we can define local densities separately by type for for ith particle:ρ
For example, for two-component systems there are two different local densities for each particle i: ρ
i .
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FIG. 1:
A minimal system to probe the effects of local density in many-body DPD.
In defining the self-energy two options come to mind (summarised in Table I ): partial and total local density. The former option is discussed in Section V in Trofimov et al. [9] . The latter option was considered by Warren [12] when introducing the no-go theorem, which states that parameter B must be constant for different particle types if the potential U (r i ) is to be conservative.
Here, we take a minimal two-component mixture of three particles and explicitly compute the forces between them for each of the variants local density (Fig. 1) . We work with a general form of self-energy u(ρ i ) and weight function w ρ (r) and assume that all the particles are within the cutoff distance of one another. This reasoning is valid not just for MDPD but generalises to any density dependent potential. Our calculations show that the partial local density variant can have type-dependent parameters B. However, for this variant the force between particle is changed by their simple relabelling, which yields to unphysical behaviour for mixtures.
We first define the necessary notation. In the most general case, there are three different interaction parameters in a two-component system. Like particles of type 1 and 2 interact via parameters B (11) and B (22) respectively and unlike particles via B (12) . We use an abbreviation u(ρ
i , where α ∈ {1, 2}. To treat the interaction parameter B as an explicit prefactor, we introduce a general function ψ of local density only, such that u(ρ i ) = Bψ(ρ i ). Commonly, ψ(ρ) is a polynomial: ψ =ρ n /n; in MDPD, n = 2. To evaluate the forces on the particles, all we need to compute is ∂U/∂r i , since
I. FORCE DERIVATION FOR PARTIAL LOCAL DENSITIES
Starting with the first variant, the local densities can be listed explicitly (Table II) for each of the three particles in the minimal system. From these, the self-energies of the particles follow:
3 ) = B (12) ψ
3 .
The total energy U is the sum of these. Computing, e.g., ∂U/∂r 1 :
2 )]w ρ (r 12 ) + B (12) [ψ
3 )]w ρ (r 13 ),
which can be clearly partitioned into force contributions from particle 2, F 12 , and particle 3, F 13 , following eq. (5). Differentiating this by r 2 , we first note that r 2 is contained only in ψ -terms with upper indices 1, and w ρ (r 12 ), since particle 2 is of type 1. The result is:
]w ρ (r 12 ) + B (11) [ψ
∂U/∂r 2 can be computed from eq. (11) by simple swapping of indices 1 and 2 denoting particle number:
2 ) + ψ
3 )]w ρ (r 23 ),
Particle Partial, type 1 Partial, type 2 Total 1 ρ Subsequent differentiation by r 1 follows the same logic:
which is the same expression as eq. (12). Hence, the Maxwell relation ∂ 2 U/∂r i ∂r j = ∂ 2 U/∂r j ∂r i holds for particles of like types.
We can easily repeat this procedure for particles of unlike type as well, e.g. 1 and 3. Starting from eq. (11), we differentiate it by r 3 , noting that the term r 3 is contained only in ψ (1) 2 :
To proceed the other way, we first compute
and subsequent differentiation w.r.t. r 1 yields the same expression as eq. (15). Hence, we conclude that the the definition of self-energy in MDPD based on partial local densities is conservative and allows type-specific interaction parameters B.
II. FORCE DERIVATION FOR TOTAL LOCAL DENSITIES
Using total local densitiesρ i =ρ
brings about the constraint of the invariance of the interaction parameter B with respect to particle type [12] ,. This means that it is impossible to find a meaningful interaction U such that the term ∂U/∂r 1 is equal to
To illustrate this, a candidate expression for self-energy, using a specific form ψ(ρ) =ρ 2 /2 for simplicity but without loss of generality, could be as follows:
However, this would contradict the constraint of keeping the partial local density terms together in the formρ i = ρ
i +ρ (2) i . This limitation is only satisfied when B (11) = B (22) = B (12) = B, in which case the total local density is recovered:
1 +ρ
III. PROBLEM WITH PARTICLE RELABELLING
The partial local density variant provides the freedom to use different parameters for unlike types, as proved in Section I, which can be vital for improved depiction of the richness of mixtures. However, a new problem arises -the interaction strength of particles of unlike types is artificially lowered only due to the fact that they have different labels, not due to physical differences.
In a homogeneous, single-component MDPD liquid with parameter B, the local density is the same for every particle,ρ i ≈ ρ (using mean-field arguments). The force between any two particles is then:
Consider now randomly splitting all the particles into two types but keeping the interaction parameter constant, B (11) = B (22) = B (12) = B. Now every particle sees around itself, on average, a half of the particles of type 1 and the other half of type 2, as the system remains physically the same and hence perfectly mixed. So the average local density of both type 1 and 2 particles isρ particles i and j yields:
These forces are not equal, since generally ψ (ρ) = ψ (ρ/2). The only exception is the case when ψ depends linearly on ρ and ψ ∼ 1, which is the force field of standard DPD. With the simplest non-trivial definition of self-energy, ψ(ρ) =ρ 2 /2, the force on any particle would become two times smaller purely due to relabelling, and, in simulations of mixtures with m 1 components, mtimes smaller and close to negligible.
To illustrate this point via simulation, we consider a binary liquid interacting via an an MDPD potential where interaction parameters are constant across particle types, A = −18 and B = 8. These values represent water at a coarse-graining degree 6 [13] with equilibrium density ρ 0 = 6.70. Setting the density to ρ = 7 > ρ 0 , this effectively single-component liquid with arbitrarily relabelled particles should homogeneously fill the simulation cell. Using DL MESO version 2.6 we simulated the two local density variants for 150k steps using timestep 0.02 and composed density profiles for each species after equilibration of 50k steps. Fig. 2 shows that the expected behaviour for a homogeneous liquid is only reproduced with the total local density variant. On the other hand, the partial local density variant equilibrates to a liquid with global density of about 10.5. This value corresponds to repulsion parameter B ≈ 4 between all pairs of particle types, in agreement with the estimations above presented.
IV. CONCLUSION
The definition of local density for density dependent potentials must include all particle types. Otherwise, a mathematical relabelling of particles yields unphysical results. Hence, only Warren's choice of self-energy [12] with total local density is viable. These findings limit the freedom in defining parameters for density dependent potentials and, as a result, constrain their applicability to multicomponent systems.
